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It is shown, through a comparison of the respective electron density distribution and the density of
states �DOS�, that there exists an optimal length scale only below which the thermoelectric power
factor of nanostructures is enhanced over the bulk value. The comparison is done for an optimal
value of the Seebeck coefficient in three, two, and one dimensions for Si/SiGe, Bi2Te3, PbTe, and
SrTiO3 with various scattering mechanisms. It is then concluded that the increase in the magnitude
of the integrated DOS and not the change in shape, as is commonly believed, to be most responsible
for the increases in the power factor. © 2010 American Institute of Physics.
�doi:10.1063/1.3359659�

I. INTRODUCTION

The solid state based conversion of heat to electricity,
and vice versa, using thermoelectric materials have many
tantalizing applications such as waste heat recovery in auto-
mobiles or industrial processes, body-heat powered biomedi-
cal devices, solar thermal energy generation, spot cooling of
microelectronics, optoelectronics, etc. However, the effi-
ciency of traditional bulk thermoelectric materials has been
quite low ��10%�. Therefore, much excitement was gener-
ated when theoretical predictions1,2 and experiments3–5 indi-
cated that the efficiency could be greatly increased through
the use of low-dimensional nanostructures such as quantum
wells �QWs� or nanowires �NWs�.

The efficiency of a thermoelectric material is generally
indicated by the figure of merit, ZT= �S2� /��T, where S is
the Seebeck coefficient, � the electrical conductivity, � the
thermal conductivity, and T, the temperature. There are gen-
erally two approaches to increasing ZT using nanostructures.
First, � could be significantly reduced through enhanced or
modified scattering of phonons by the surfaces of NWs,6

interfaces of QW superlattices,7 or the grain boundaries in
nanocrystalline materials.8 Alternatively, the power factor
�S2�� could be enhanced through electron confinement.1,2 In
the latter approach, the confinement length, which is nomi-
nally the thickness of the QW or the diameter of NW, is the
critical parameter that determines whether and how much the
S2� may be enhanced. In this paper, we examine how the
confinement length required to achieve an enhancement in
power factor depends on innate material properties, such as
the effective mass, and the temperature of operation.

II. DESCRIPTION OF DIFFUSIVE ELECTRON
TRANSPORT PARAMETERS

The electrical conduction and the Seebeck effect are the
manifestations of electron diffusion along a concentration
gradient which is established in the presence of potential or

temperature gradient, respectively. Other physical effects
such as ballistic conduction or phonon-drag Seebeck effect
may also be present, but is beyond the scope of this paper.
The diffusion of electrons is generally described by the Bolt-
zmann transport equation �BTE�, whose solutions are used in
conjunction with material-specific density of states �DOS�,
g�E�, and relaxation time, ��E�, to determine the diffusive
Seebeck coefficient �S� and the electrical conductivity ���.

From the solution of the BTE, the S is described through
the following equation:

S = �
1
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+�g�E���E�v2�E�E

df�E�
dE

dE
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In the above, EF is the Fermi energy relative to the band/
subband’s ground energy level �which is arbitrarily set to be
zero here�, v�E� is the velocity as a function of energy E,
f�E� is the Fermi–Dirac distribution function, and �e is the
unit charge of holes/electrons, respectively. The expression
in the middle of Eq. �1� was derived without assuming any
particular relations for the g�E�, ��E�, and v�E�. However,
if a power law dependence is assumed, then the
expression on the right follows, where 	x

=�0

+�g�E�x�E�f�E�dE /�0
+�g�E�f�E�dE is the average value of

the parameter, x�E� at equilibrium. The latter expression in
Eq. �1�, intuitively describes the S as proportional to the
difference between the average energy of electrons weighed
by the relaxation time at equilibrium and the Fermi energy.

The DOS and v�E� follow a power law for parabolic
energy band dispersion. For a single band, or subband �in a
QW/NW� the DOS isa�Electronic mail: pbandaru@ucsd.edu.
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g�E� =
N

gDa3−D�2md

�2 �D/2

ED/2−1, �2�

where � is the Planck constant, md is the DOS effective
mass, N is the number of degenerate conduction valleys in-
trinsic to the band, a is the confinement length �nominally
equal to the QW thickness or NW diameter�, D is the dimen-
sionality factor �=3, 2, and 1 for bulk, QW, and NW, respec-
tively�, and gD is a constant equal to 2	2 for D=3, and equal
to D	 for D=2 or 1. The velocity also varies through
v2�E�=2E /Dm�, where m� is the conductivity or inertial ef-
fective mass. For simplicity, we will assume isotropic effec-
tive mass in our subsequent calculations, in which case m
=md=m�.

The relaxation time may be described through ��E�
=�0Er, where r is a characteristic constant related to a par-
ticular scattering mechanism and �0 is a constant related to
both the mechanism and the material properties.9 Common
values of r are 
1/2 for strongly-ionized impurity and for
acoustic and optical phonon mediated deformation potential
scattering, or +3 /2 for weakly-ionized impurity scattering in
bulk materials. Occasionally, a constant relaxation time ap-
proximation is assumed, with r=0.

Incorporating these specific functions for g�E�, ��E�, and
v�E� into Eq. �1�, the S is explicitly written as

S = �
kB

e ��r +
D

2
+ 1�Fr+D/2���

�r +
D

2
�Fr+D/2−1���

− � , �3�

where kB is the Boltzmann constant, �=EF /kBT is the re-
duced Fermi energy and Fj���=�0

+�xj / �exp�x−��+1�dx is
the jth order Fermi integral. It is noticed that in this form, the
S is independent of a, T, m, N, and �0.

The � can also be derived from the solution to the BTE.
For brevity, we only present the final expressions for the
carrier concentration �n� and electron mobility ��� as

n =
N

gDa3−D�2kBTmd

�2 �D/2

�FD/2−1���� , �4�

� =
e�o

m�

�kBT�r��2r

D
+ 1�Fr+D/2−1���

FD/2−1��� � . �5�

For a constant relaxation time, � takes a familiar form �
=e�o /m�. The � is then a product of n and � through �
=ne�, and the power factor, S2�, may be calculated from
Eqs. �3�–�5�.

III. THE OPTIMAL SEEBECK COEFFICIENT FOR
MAXIMUM POWER FACTOR

Since �S� is proportional to the difference of the average
electron energy, 	E
 and the lowest energy level �e.g., EF at 0
K�—from Eq. �1�, it is increased as � is decreased, i.e., if T
is increased �which increases the 	E
� or if EF is decreased.
On the other hand, � tends to decrease as EF and � is de-
creased due to decreasing n, although it may increase as T is
increased �i.e., nTD/2�. Consequently, the power factor

�S2�� tends to increase with increasing T assuming a con-
stant EF, but exhibits a peak at an optimal EF when constant
T is assumed.

The optimal EF can be easily found, as we have previ-
ously shown,10 through determining the value of the optimal
reduced Fermi energy ��opt�, which was also found to be
independent of a and T, and the material dependent param-
eters such as m, N, and �0. This is justified as the expression
for S2�, from Eqs. �3�–�5�, essentially consists of the product
of two functions, i.e., S2�=h�a ,m ,N ,�0 ,T�p�r ,D ,��. Subse-
quently, the peak S2� must coincide with the maximum of
p�r ,D ,��, regardless of m, N, a, and �0, which are constants
for a given material at T. The �opt is listed in Table I �first
row of each entry� for common r and D values. The ionized
impurity scattering and phonon scattering via deformation
potential both have an r value of 
1/2 in bulk material.
However, since their scattering rate is dependent on the
DOS, the r value correspondingly changes to 0 and 1/2 in
two and one dimension, respectively. In some cases �r=1 /2,
D=3 or 2�, the additional increase in � is sufficiently large to
compensate for the corresponding reduction in �S� as the EF

is increased; thus the power factor may increase without
limit in these regimes, and there is no optimal EF.

Since the S also depends solely on r, D, and �, there is a
corresponding optimal Seebeck coefficient �Sopt� that is inde-
pendent of m, N, a, �0, or T, as well. Sopt may be either
positive or negative, and is listed in units of �V /K in the
second row of each entry in Table I. On the other hand, the
optimal carrier concentration �nopt� would not be a constant
like �opt or Sopt, but could change with T and a, and is ma-
terial specific. In Fig. 1 �reproduced from Ref. 10�, the nopt to
achieve peak power factor for PbTe at 300 K is approxi-
mately 7�1018 cm−3, while that of Bi2Te3 is shifted from
approximately 4�1018 to 9�1018 cm−3 as the T is in-
creased from approximately 100 to 150 K. However, while
nopt may change with material and temperature, the peak S2�
always occurs near the predicted Sopt values of
130–167 �V /K, as shown in both the main graph and the
inset.

IV. ENHANCEMENT OF THE PEAK POWER FACTOR
IN NANOSTRUCTURED THERMOELECTRICS

The peak S2� can be increased through electron confine-
ment in QW or NW based materials. Such an enhancement

TABLE I. The optimal reduced Fermi energy, �opt �first row� and corre-
sponding Seebeck coefficient, Sopt �second row�, for maximum power factor
is peaked, as a function of the scattering constant, r and dimensionality, D.
The r value for strongly-screened ionized impurity scattering and acoustic
and optical phonons scattering via deformation potential changes with D9

�Table edited from Ref. 10�.

r=−1 /2 r=0 r=+1 /2

D=3 0.67a 2.47b No limit
167a 130b

¯

D=2 
0.37 0.67a,b No limit
187 167a,b

¯

D=1 �opt=−1.14 
0.37b 0.67a

Sopt=197 187b 167a

aIonized impurity photons.
bConstant relaxation time.
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arises mainly from the increase in the magnitude of the DOS,
which is illustrated through Fig. 2. In Fig. 2�a�, the DOS of
bulk Si �m=0.32m0, N=6, and m0 is the free electron mass�,
at 300 K, is illustrated. Assuming a constant relaxation time
�r=0�, the optimal EF �with �opt=2.47, from Table I� is
0.063 eV �=2.47�kB�300 K�, and n=9.7�1019 cm−3. �S�
is proportional to the difference between EF and the 	E
, the
latter of which was computed to be 0.102 eV, given an Sopt of
130 �V /K. Since the optimal EF is assumed, the peak S2�
at 300 K has been reached and cannot be increased any fur-
ther by doping. However, the peak S2� may yet be increased
by changing the DOS of Si through electron confinement in
lower dimensional structures, e.g., NWs.

In Fig. 2�b�, the DOS of 2 and 5 nm diameter Si NWs is
shown in comparison to that of bulk Si. The shapes of the
DOS of both the NWs are equivalent, but very different from
that of bulk Si. The optimal EF for both NWs is also different
from the bulk value, and equals 
0.010 eV at 300 K �with
�opt=−0.37, from Table I�. Since the 2 nm wire has a smaller
confinement length, a, its DOS is larger than that of the 5
nm, as can also be deduced from Eq. �2�. Given the same EF,

the optimal carrier concentration for the 2 nm wire �nopt

=1.9�1020 cm−3� is larger than that for the 5 nm wire
�nopt=3�1019 cm−3�. However, since the DOS and the dis-
tribution of electrons are uniformly scaled through changes
in a, the 	E
 and �S� would have the same value of 0.047 eV
and 187 �V /K for both wires, respectively.

Assuming that the � is unchanged, the peak S2� for the
2 nm NW could be four-times larger than that of bulk value
due to the enhancement in the peak S2n alone. On the con-
trary, the peak S2� of the 5 nm NW would be 36% smaller
than that of the bulk due to the reduced DOS. However, it
was postulated � could be reduced by 80% due to strong
scattering induced by large confinement potential.11 While an
accurate prediction of � is beyond the scope of the present
study, nonetheless we could account for the reduction in �
through a consideration of the gain factor, which will be
discussed later in he text.

Figure 2 shows that the S2� is increased primarily be-
cause of the increase in the magnitude of the DOS, and not
because of the change in shape. Similar analysis on two-
dimensional QW structures, which have a flat DOS, also
showed that the maximum S2� can be either larger or smaller
than that of bulk material depending on the confinement
length. It can then be inferred that the increase in S2n is due
to an enhancement in nopt brought about by an increase in the
magnitude of the DOS, rather than the change in shape of the
DOS, as is often believed. The latter conclusion is often
drawn through the Mott expression,12 viz., �S�=	2kB /
3e��1 /n�E�dn�E� /d ln�E�+1 /��E�d��E� /d ln�E�� which
suggests that �S� can be increased by increasing the energy
dependence of the DOS through the n�E� term, i.e., by im-
posing a sharply-peaked DOS as was invoked to explain re-
cent observations in Tl doped PbTe.13 However, such an ex-
planation is contradicted by the fact that the energy
dependence of the DOS is actually reduced from 1/2 in bulk
to 0 and 
1/2 in QWs and NWs, respectively. Instead, as we
have shown, the �S� enhancement is due to the increase in
magnitude of the DOS, which leads to the reduction in EF

and �, at a given carrier concentration. Since the magnitude
of the DOS is inversely proportional to the confinement
length, from Eq. �2�, there is a critical confinement length,
amin, only below which the S2� increase may be observed.

The amin required to achieve an arbitrary gain, in the
S2�, by a gain factor G was found through solving �S2��r·D

=G�S2��r,D=3 at �opt. For constant relaxation time, this yields

amin =
�

�2kBT

��ND

N3

1

��i=1
3−Dmc,i

2	

GD

FD/2−1��opt�
F1/2�2.47� � Sopt

130
�V

K
�

2


1/3−D

.

�6�

To avoid a reduction in the DOS, the confinement direction
should generally be chosen such that the number of conduc-
tion valleys, N, is preserved.11 As an example, the four con-
duction valleys in PbTe are situated on the �111� axes, which
implies that for a QW grown in a particular �111� orientation,

FIG. 1. �Color online� The power factor �S2�� of Bi2Te3 and PbTe as a
function of temperature. The S2� is represented by the size and shade of the
data points �larger and darker indicating higher values�. While the optimal
carrier concentration �in 1018 cm−3� where the peak S2� occurs is material
and temperature dependent, the optimal Seebeck coefficient, Sopt, is always
�130–167 �V /K, as shown in the inset. �Figure reproduced from Ref. 10�.

FIG. 2. �Color online� �a� The electron density distribution �shaded area�
overlaid on the parabolic variation ��E1/2� of the DOS �solid line� in the
conduction band �CB�, of power factor optimized bulk Si �at 300 K� EF

=0.063 eV and the average electron energy, 	E
=0.102 eV. The energy
separation between EF and 	E
 corresponds to a Sopt of 130 �V /K. �b�
Electron density distribution, in the CB of one-dimensional Si NWs, of
diameter 2 and 5 nm in comparison to the bulk electron distribution. For
both the 2 and 5 nm NWs, Sopt is �187 �V /K, with EF=−10 meV and
	E
=4.7 meV. A larger �/smaller� S2n, compared to the bulk, is obtained for
the 2 nm �/5 nm� NW. The density is expressed per unit volume for com-
parison with Fig. 2�a�.
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the degeneracy of the four conduction valleys would be bro-
ken and yield one longitudinal valley and three oblique val-
leys. This could, in turn, have the effect of reducing N from
four to one. However, if the QW structure is grown along the
�100� axes, the valley degeneracy would be preserved. We
will assume that such a condition could be met, and that N is
the same for both bulk material and nanostructures. amin also
depends on the effective mass in the direction/s of confine-
ment �mc�, e.g., there will be two values of mc in a NW. In
our calculations, we assume an isotropic effective mass,
where mc=m.

The amin calculation shows that the enhancement be-
comes increasingly difficult to obtain at higher temperature
or with materials with large effective masses, as smaller
nanostructures would be needed. In Fig. 3�a�, we have plot-
ted the amin required to achieve parity, i.e., with G=1, for a
number of m associated with thermoelectric materials, e.g.,
Bi2Te3, PbTe, SiGe, and SrTiO3. This figure shows that typi-
cally, a QW/ �/NW� thickness �/diameter� under 10 nm is
required at 300 K, and this amin decreases as the m is in-
creased. However, as the temperature is decreased, the amin

increases, suggesting that nanostructured thermoelectric de-
vices may be best suited for lower temperature applications.
Note that our gain factor so far accounts only for the increase
due to S2n, while assuming a constant �. If � is somehow
reduced by, say, 80%, then a gain factor of G=1 / �1−0.8�
=5 would actually be required for the nanostructures to have
the same power factor as the bulk material.

Although the amin for QWs and NWs are similar for
parity with bulk i.e., at G=1, the decrease is more rapid for
QWs than NWs at higher G values, as shown in Fig. 3�b�.
This is consistent with the predictions of larger S2� enhance-
ment in NWs compared to QWs.1,2 The figure also indicates
that while amin is larger for material with small effective
mass, it also decreases much faster as the G is increased.

If acoustic or optical phonon deformation potential or
strongly-screened ionized impurity scattering is assumed
where r=1−D /2, then

amin =
�

�2
�ND

N3

1

��i=1
3−Dmc,i

�0,D

�0,D=3

6	

GD2�1/3−D

. �7�

The ratio �0,D=2 /�0,D=3 can be quite complex and difficult to
determine, and will depend on the specific scattering mecha-
nisms. For example, with acoustic phonon scattering this ra-
tio will involve the electron-phonon interaction matrix
elements.9 However, it is interesting to note that while the
dependence on effective mass remains the same, amin would
now be temperature independent.

V. CONCLUSIONS

In our previous work, we had shown that for any mate-
rial that the maximum S2� at a given temperature could be
expected when S is in the optimal range of 130–187 �V /K.
With this as the basis, we have now shown that there exists a
threshold confinement length only below which lower di-
mensional nanostructures, such as QWs or NWs, could have
a higher power factor compared to bulk materials. For ex-
ample, Si NWs with diameter below 4 nm would be required
for an enhanced power factor over bulk values. However, to
date, while the characterization of � has been performed in
sub 5 nm wires,14 S and � measurements have been reported
only in NWs �10 nm in diameter.6,15,16 Consequently, fur-
ther experimental work is necessary to probe smaller length
scales and verify the results reported in this paper. Addition-
ally, we have shown that it is the increase in magnitude of
the DOS and not the change in shape that increases the
power factor.
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