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Experimental evidence of the bending of heat to desired purpose, in analogy to that of light,

through designed placement and orientation of nominally isotropic material is presented. This was

done by inducing anisotropy in an effective thermal medium through off-diagonal components in

the thermal conductivity tensor. An upward or downward heat flux bending of up to 6 26�, in close

agreement with theoretical estimates, was obtained in a metamaterial constituted from thin, stacked

layers of copper and stainless steel. Transient observations of heat flow indicate anisotropic energy

transport hinging on the relative differences between the elements of the thermal diffusivity tensor.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4901885]

The channeling of thermal energy has been a long

sought after goal of energy harness, considering the presence

of thermodynamically inevitable heat. While the direct con-

version of waste heat to effective energy, e.g., through

thermo-mechanical1 or thermoelectric means has been pur-

sued, many such methodologies have the disadvantages2 of

low conversion efficiencies.3 An alternative approach to heat

usage involves the re-direction of thermal energy, which

could be accomplished through designed metamaterials.4

Such structures can have the desirable traits, e.g., of

induced anisotropy,5–7 necessary thermal conductivity, and

tunable electro-thermal attributes,8 which would be rele-

vant for tuning the components of the thermal conductiv-

ity tensor (jij) and hence manipulating the thermal flux

(qi) under a given thermal gradient (rTj) through the

Fourier law of heat conduction:9 qi ¼ �jijrTj. Here, we

show experimental evidence of the bending of heat to

desired purpose, in analogy to that of light,10 through a

designed placement and orientation of nominally isotropic

material with applications to thermal concentrators,

cloaks,11–13 and diffusers.

The anisotropic variation of the jij may be understood

in a simple context, considering the difference between the

parallel and the perpendicular transport of heat through a

multilayered material with respect to a fixed temperature gra-

dient.7 Two representative constituent materials of nominally

isotropic, thermal conductivity (j1 and j2, respectively) of

thickness t could be stacked and a composite constructed

from n (an even integer) such layers, Fig. 1(a). The influen-

ces of a particular value of t as well as n on the propagation

of heat flux can be eliminated through the creation of an

effective thermal medium (ETM), whereby the difference

(DT) between the temperature obtained at a given point from

assuming a linear temperature gradient across the composite

and the temperature across the individual layers could be

minimized. It was previously shown,7 assuming j1>j2, that

the DT ¼ 1�j2=j1

1þj2=j1

� �
l

2nrT, where rT ¼ Thot�Tcold

l represents

the temperature gradient across the sample of length l, one

end of which is at a higher temperature (Thot) compared to

the other end (at Tcold). Consequently, a small j2/j1 ratio as

well as a large n would result in an ETM. Further engineering

of anisotropy in the ETM, resulting in the introduction of off-

diagonal components in jij could be accomplished through

rotating the layers through a fixed angle, h with respect to the

applied temperature gradient, e.g., h¼ 45� for Fig. 1(b) and

h¼�45� for Fig. 1(c). At steady state, the thermal conductiv-

ity of the ETM could generally be:7 jETM
ij ¼ JjijJ

T

detðJÞ, where J is

the Jacobian of the coordinate transformation between the

original and the modified arrangement. JT and det(J) represent

the transpose and determinant of J, respectively. As jETM
ij can

be designed per engineering need, the manipulation and re-

routing of the qi may be accomplished, to obtain, for example,

bending of the heat flux14 and concomitant phenomena such

as thermal concentration, cloaking, and anomalous/negative

refraction,15 analogous to those obtained for electromag-

netic,16,17 acoustic,18,19 and elastic waves20,21 in effective

media. For a two-dimensional composite (e.g., where the

length and width are much larger than the thickness), it was

predicted7 that the heat flux bending angle (U) would be a

function of the orientation of the layers in the composite (h,

which was considered as the amount of rotation necessary to

align the coordinate axes fixed to the sample to the coordinate

axes along which the temperature gradient is applied, and

reckoned as positive in the counter-clockwise direction) as

follows:

U ¼ tan�1 �1þ cð Þsin hð Þcos hð Þ
cos2 hð Þ þ c sin2 hð Þ

" #
; with c ¼ ð1þ j1=j2Þ2

4 � j1=j2

:

(1)

The U could be either zero, positive, or negative with the

implication that the heat flux could be propagated straight

through or directed upwards/downwards respectively, by

varying h.

We provide proof of such thermal flux engineering

through designed ETM constituted metamaterials. Thin

layers (t¼ 2 mm) of commonly used engineering materials,

such as copper (j1¼ 390 W/m K) and stainless steel

(j2¼ 42 W/m K), were alternately stacked (n¼ 30) at threea)E-mail: pbandaru@ucsd.edu
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different orientation angles, h¼ 0�, 45�, and �45� as shown

by Figs. 1(a), 1(b), and 1(c), and placed in a temperature gra-

dient of �80 K (Thot¼ 100 �C and Tcold¼ 22 �C) sustained

over the length of the composite, Fig. 1(d), with stable heat

sources enabled through hot and cold water baths. The com-

posites—see inset to Fig. 1(d), were fabricated in a square

geometry with a length and width of 5 cm and have a thick-

ness of �0.3 cm. To minimize the perturbation of the heat

flux at the interface with the background, the composite was

embedded in brass (jb� 120 W/m K) so as to correspond to

the geometric mean of the thermal conductivities22 of the

metamaterials’ constituents ðjb ¼
ffiffiffiffiffiffiffiffiffiffi
j1j2
p Þ (see Sec. I of sup-

plementary material33). The large ratio of the length/width to

that of the thickness, of �16, enabled an effective two-

dimensional ETM treatment and simplifies the jij to a 2 � 2

matrix. Thermally conducting silver epoxy (jAg� 5 W/m K)

was used to join the layers and in the ETM approximation

(with a DT< 1 K) would not be involved in affecting

observed heat flux. We also considered the interfacial thick-

ness (measured through scanning electron microscopy) in

computing the effective jij of the composite. The tempera-

ture profiles were taken using an infra-red (IR) camera

(FLIR 320), with a spatial resolution of �300 lm and a tem-

perature resolution of 0.25 K. For obtaining enhanced signal,

the top surfaces of the composite were painted with a thin

layer of black paint (of emissivity 0.95).

Fig. 2 reports the experimental results, in steady state,

of the thermal flux through the metamaterials. For the case

of h¼ 0�, Fig. 2(a), the qi were perpendicular to the isother-

mal contours, following common intuition and as would be

expected from Eq. (1). However, with h¼ 45�, Fig. 2(b), the

effective thermal conductivity tensor was anisotropic as per

jETM
h¼45o ¼

101 45 0

45 101 0

0 0 146

0
@

1
A: (2)

The qi were no longer perpendicular to the isothermal con-

tours, and were bent by an angle (U � 26�) with respect to

the horizontal temperature gradient, due to the acquisition of

a transverse component. The experimentally obtained U was

in excellent accord with that computed through Eq. (1),

where U was �24� (assuming the presence of a finite inter-

face of thickness �100 lm) or �26� (see Sec. III of

FIG. 1. Thermal metamaterials for the

re-direction of conductive heat flux,

fabricated by alternating layers of

nominally different isotropic thermal

conductivity at three different orienta-

tion angles, (a) h¼ 0�: corresponding

to rectilinear thermal energy propaga-

tion along the temperature gradient, (b)

h¼ 45�: corresponding to upwards
bending of the heat flux, and (c)

h¼�45�: corresponding to down-
wards bending of the heat flux. (d) The

composites were embedded in a back-

ground brass plate and placed in a tem-

perature gradient of �80 K over the

length of the composite.

FIG. 2. Steady state transport of heat

through thermal metamaterials, meas-

ured for (a) h¼ 0�, (b) h¼ 45�, and (c)

h¼�45�. The upward and downward

bending of the heat flux with respect to

a horizontally applied temperature gra-

dient is evident in the latter two cases,

respectively. The scale bar on the right

indicates the temperatures. Typical iso-

thermal contours (at T¼ 340 K, 335 K,

and 330 K—from the left to the right)

are indicated on the figures.
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supplementary material,33 for considering the presence/ab-

sence of interfaces between the individual layers). It was

also noted that while for a material in the steady state with

isotropic thermal conductivity, the temperature gradient

tends to a constant value, the gradient would vary spatially

for a material with an anisotropic jij, as observed through

Figs. 2(b) and 2(c). As in Fig. 2(c), with h¼� 45�, negative

off-diagonal components were evident in the thermal con-

ductivity tensor per

jETM
h¼�45o ¼

101 �45 0

�45 101 0

0 0 146

0
@

1
A: (3)

The qi were now bent by an angle (U��26�). An excellent

agreement of the experimental results with computational

simulations was also obtained (see Sec. II of supplementary

material33).

The changing of the heat flux propagation directions in

Figs. 2(b) and 2(c) was reminiscent of the bending of light at

the interface of two media. In the optical case, the propaga-

tion follows Snell’s law, with propagation towards/away

from the normal in the case of transmission from an optically

less (/more) dense medium to a medium of more (/less) den-

sity. Considering an analogy of the thermal resistivity (the

inverse of the thermal conductivity) to the optical density, a

similar behavior was then observed, following the tenets of a

thermal resistance minimization principle. While an equiva-

lent of Snell’s law has been previously considered,23 we

have shown7 that an alternative formalism considering the

anisotropic character of the metamaterial captures the heat

propagation more accurately. Such formulations also indi-

cate the possibility of negative refraction15 (see Eq. (S1) in

supplementary material33), where the transmitted heat flux

could bend anomalously with respect to the interface normal.

To further understand the ETM behavior of such meta-

materials, the transient propagation of the thermal flux was

recorded and shown in Fig. 3. The development of the ther-

mal flux profiles, as recorded at t¼ 90 s, 150 s, and 210 s,

showing the bending of the heat flux lines indicated the

invariance to coordinate transformations24 of the time

dependent heat equation: qðrÞCðrÞ @TðrÞ
@t ¼ r:½jðrÞrTðrÞ�,

where q is the material density, C is the specific heat, and r
is the spatial coordinate. The thermal boundary resistance

associated with the passage of heat flux from the background

(brass) to the metamaterial, due to dissimilar thermal impe-

dances25 was also observed. The thermal diffusivity Dth

defined through the ratio of the thermal conductivity to the

product of the q and C could also be anisotropic given the

constancy of the qC product.6 Such anisotropic diffusivity

hinging on the relative difference between the elements of

the jij implies unequal times for the propagation of heat,

e.g., the times for the heat to traverse a given length, l is of

the order of l2/Dth and would be in the ratio of 1:1:0.4 for

propagation in the brass, the composite in the horizontal

direction and the composite in the vertical direction, respec-

tively. The Dth for the brass was computed to be 3.6 � 10�5

m2/s from j, C, and q values taken from literature.26 For the

composite the jij was from Eqs. (2) and (3), while C and q
were estimated from the average of the respective constituent

materials used for the layers in the composites (see Sec. IV

of supplementary material33). The staggering of the tempera-

ture profiles over a few minutes at the background-

metamaterial interface was suggestive of very low diffusivity

as well as nonlinear effects.27–29

The bending of the qi suggests applications14 to thermal

concentrators, Fig. 4(a), and thermal cloaks,30 where the

temperature gradient could be engineered to be equal to zero

in the cloaked region, Fig. 4(b). The figures show simula-

tions, using metamaterial modules with the jij from Eqs. (2)

and (3), for accomplishing the upward and downward bend-

ing—corresponding to, Figs. 2(b) and 2(c). To take a specific

example, a cloak, Fig. 4(b), would be constituted of adjacent

upwards (/downwards) and downwards (/upwards) heat flux

bending elements at the top (/bottom). The consequent

avoidance of the central region by the heat flux would yield

a cloaked region at the center. We indicate a preliminary ex-

perimental example of such a cloak—constituted from cop-

per and PDMS (poly-dimethylsiloxane, j¼ 0.17 W/m K)

layers, formed through such modular arrangement with a

measured gradient in the cloaked region of �0.02 K/cm (see

Sec. V of supplementary material33).

FIG. 3. Transient propagation of heat,

for orientation angles (a) h¼ 45�, and

(b) h¼�45�, measured as a function

of time, with a horizontal temperature

gradient directed from the hot (left

hand side) to the cold (right hand side).

Typical isothermal contours (at

T¼ 332 K, 328 K, and 324 K—from

the left to the right) are indicated on

the figures.
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Our work is distinctive from existing metamaterials

related efforts applied to the thermal regime, in that such

designs have been adapted from electromagnetics31—with

fabricated structures of a particular absorption/emission reso-

nance frequency corresponding to the infrared regime.32 In

contrast, our approach provides an alternative take through

considering non-resonant structures and conductive heat flux

in an effective thermal medium. The ability to guide heat

flux through a designed materials arrangement lays the foun-

dation for the creation of innovative thermal elements, such

as cloaks or concentrators, for the efficient harness of heat.

This work was supported by a grant (CMMI 1246800)

from the National Science Foundation (NSF).
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FIG. 4. Applications of the proposed

thermal metamaterials, enabled through

the modular placement of the upward

(in gray color) and downward (in olive

green color) heat flux bending elements.

We illustrate the possibilities for (a)

thermal concentrators, which focus

heat towards a certain region, as well as

(b) thermal cloaks.
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